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We report on the extraction of an excited spectrum of isoscalar mesons using lattice QCD. Cal-
culations on several lattice volumes are performed with a range of light quark masses corresponding
to pion masses down to ∼ 400 MeV. The distillation method enables us to evaluate the required
disconnected contributions with high statistical precision for a large number of meson interpolating
fields. We find relatively little mixing between 1√
2
(uu¯+dd¯) and ss¯ in most JPC channels; one notable
exception is the pseudoscalar sector where the approximate SU(3)F octet, singlet structure of the
η, η′ is reproduced. We extract exotic JPC states, identified as hybrid mesons in which an excited
gluonic field is coupled to a color-octet qq¯ pair, along with non-exotic hybrid mesons embedded in
a qq¯-like spectrum.
PACS numbers: 12.38.Gc, 14.40.Be, 14.40.Rt
I. INTRODUCTION
Isoscalar mesons, those which have all flavor quantum
numbers equal to zero, offer a rich probe of the non-
perturbative physics of QCD. Quarks of all flavors can
in principle contribute, as can bound configurations con-
structed entirely from glue, and since quark-antiquark
pairs of no net flavor can annihilate, the quark and glue
sectors can mix dynamically. By studying the spectrum
and hidden-flavor content of isoscalar mesons we can infer
a phenomenology of annihilation dynamics within QCD.
Experimentally there appears to be significant regu-
larity in the excited meson spectrum, with each isovec-
tor meson of a given JPC typically partnered by an
isoscalar meson of roughly the same mass, with both
states dominantly decaying into final states not featur-
ing strange hadrons. At a slightly larger mass, usu-
ally roughly 200 MeV higher, there is another isoscalar
meson dominantly decaying into final states featuring
strangeness. The most famous example of this is the
ρ, ω, φ system where the admixture of |ss¯〉 into the dom-
inantly 1√
2
(|uu¯〉+ |dd¯〉) ω meson is estimated to be less
than 1%. Other reasonably well-determined examples
include the tensor mesons a2(1320), f2(1270), f
′
2(1525),
and the ρ3(1690), ω3(1670), φ3(1850) system [1].
There are only a few known exceptions to this pattern
of “ideal mass mixing”. The low-lying pseudoscalar sec-
tor, pi, η, η′, is the best studied, with the conventional
interpretation being that the η and η′ are mixed such
that they are close to the octet 1√
6
(|uu¯〉+ |dd¯〉 − 2|ss¯〉)
and singlet 1√
3
(|uu¯〉+ |dd¯〉+ |ss¯〉) representations of
SU(3)F respectively. The lightest isoscalar 1
++ mesons,
f1(1285), f1(1420), appear to be mixed somewhere be-
∗Electronic address: dudek@jlab.org
tween ideal in mass and ideal in SU(3)F – their relative
rates of decay into γρ and γφ suggest there may be as
much as ∼ 15% hidden strange in the lighter state [1, 2].
The scalar sector (0++) does not admit a simple de-
scription – while some features are now largely agreed
upon, such as the existence of a broad σ resonance (see
e.g. [3]) and narrow f0(980), a0(980) resonances near the
KK threshold, the exact number of scalar resonances be-
tween 1 and 2 GeV, and their flavor composition, is not
a settled question [1, 4–8].
The level of theoretical understanding of isoscalar
mesons is generally much lower than for the isovector
mesons. The gross features of the excited isovector spec-
trum can be reasonably well described by proposing that
there exist effective heavy “constituent quark” degrees-
of-freedom, from which we can build mesons as quark-
antiquark pairs with relative orbital angular momentum.
Ideal mass mixed isoscalar mesons, 1√
2
(uu¯+ dd¯), ss¯, can
then be described if we state, by fiat, that annihilation
contributions are negligible, ensuring no flavor mixing
and no splitting between the lighter isoscalar and the
isovector state. The hidden-strange states are then heav-
ier solely by virtue of the strange constituent quark being
heavier. With this approach, there is no natural way to
explain the exceptions to ideal mass mixing, such as the
1++ sector, or the non-trivial structure of the scalar sec-
tor.
The constituent quark picture fails to describe the low-
lying pseudoscalar sector, but here we have a solid phe-
nomenology based upon them being pseudo-Goldstone
bosons of spontaneously broken chiral symmetry. The
approximate SU(3) axial-vector symmetry that is bro-
ken by the vacuum gives rise to an octet of light pseu-
doscalar mesons that includes the pions, kaons and the η.
The remaining approximate U(1) axial-vector symmetry,
whose breaking we might expect to give us a light singlet
pseudoscalar, is in fact not a symmetry at the quantum
level, being broken by an anomalous divergence which re-
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2ceives contributions from topologically non-trivial gauge-
field configurations [9, 10]. This provides a mechanism
by which the dominantly singlet η′ can be heavier than
the dominantly octet η as is observed experimentally.
States of pure glue, “glueballs”, are well studied us-
ing lattice methods applied to the quark-less theory of
SU(3) color Yang-Mills (e.g. [11]). A clear spectrum
of color-singlet bound states is predicted, with the light-
est state being a scalar which may have a mass under
2 GeV. Other relatively low-lying states include a tensor
and a pseudoscalar, before the spectrum becomes dense
at high energies. Experimentally it is not clear that there
is a single scalar resonance that can be identified with a
glueball, and it remains a longstanding problem to find
a clear observable filter that marks out a state as hav-
ing a glueball structure rather than qq¯ [8]. Determining
how glueballs enter into the spectrum in full QCD with
dynamical quark fields demands a complete calculation
extracting the entire low-energy spectrum of color-singlet
states, something which has not been seriously attempted
to date.
In short, outside of the low-energy pseudoscalar sec-
tor, where (spontaneously broken) symmetries of QCD
constrain the possibilities, little is known about isoscalar
mesons from first principles in QCD.
Lattice QCD enables us to determine the excited spec-
trum of QCD in a controlled approximation. Excited
state energies are computed from the exponential decay
of Euclidean time correlators featuring composite QCD
operators with hadron quantum numbers. The gauge
coupling (and hence the lattice spacing), lattice volume,
and the quark masses are inputs to the calculations that
can be systematically varied to approach the limit in
which physical QCD is duplicated. In this limit, direct
comparison with experiment can be made.
Recently significant progress has been made in ap-
proaching this limit in determinations of the lightest
baryons and isovector mesons (e.g. [12]). Away from this
limit, with light quarks somewhat heavier than physical,
detailed spectra of excited isovector mesons and other ex-
cited non-isoscalar hadrons have been obtained [13–20].
Extracting the isoscalar meson spectrum remains a chal-
lenging prospect – distinguishing isoscalar from isovector
correlators requires the evaluation of disconnected Wick
contractions, and it has proven difficult to obtain sig-
nals of high statistical precision for these (but see recent
progress, restricted to the lightest pseudoscalars, in [21–
23]). Furthermore in order to reliably extract a spectrum
of excited isoscalar states, one should compute a large
number of isoscalar correlators using a range of quark-
gluon composite operators to interpolate states. In this
case we demand a method that provides a computation-
ally efficient means to compute quark propagation from
arbitrarily complicated operators. In this work we will
take advantage of a number of useful features of the dis-
tillation quark smearing framework [24] to address the
difficulties posed above. We find that it is possible to
obtain an excited state isoscalar spectrum of high statis-
tical quality with a level of computational effort that can
be satisfied using the capability provided by Graphics
Processing Units.
In this paper, building on our initial exploratory efforts
in [25], we will present isoscalar meson spectra obtained
for a range of light quark masses on several lattice vol-
umes. We explore systematics observed in the spectrum,
compare with the isovector spectrum and extract infor-
mation about the hidden light/strange composition of
isoscalar mesons.
Among the interesting features present in the isovector
meson spectrum reported on in [13, 14, 26] are a set of
exotic JPC states; that is, states whose quantum num-
bers cannot be described by a quark-antiquark pair with
orbital angular momentum, and which thus lie outside
the otherwise rather successful constituent-quark picture.
These additional states were found to have strong overlap
onto operators featuring a chromomagnetic gluonic con-
struction coupled to the quark fields, as were a number
of otherwise unexpected states with non-exotic JPC . An
explanation was proposed that these states are hybrid
mesons, in which a quark-antiquark pair is coupled to
an excited gluonic field, a sector of QCD long expected
to exist [27–32]. Experimentally there are hints that at
least one such state with 1−+ may be present (for a crit-
ical review see [33]). It is important to also determine if
isoscalar partners of these isovector hybrid mesons exist,
and in what mass region – in this paper we will report
on a clear identification of such states.
Because of the complexity of the scalar (0++) sector,
which experimentally contains a low-lying broad reso-
nance and where a low-lying glueball is expected, we defer
a detailed investigation of scalar mesons to future work.
The remainder of the manuscript is arranged as follows:
Section II describes how one computes isoscalar correla-
tion functions in lattice QCD, describes the distillation
construction, presents some selected results showing the
signal quality obtained in explicit computation, and dis-
cusses correlation functions featuring glueball-like oper-
ators. Section III describes the extraction of the excited
state spectrum from a matrix of correlation functions and
the determination of the hidden flavor mixing in isoscalar
states. The method is demonstrated with results from a
single symmetry sector before a discussion of the caveats
which should be applied to an interpretation of the ex-
tracted spectrum. Section IV presents the spectra deter-
mined for a range of quark masses and lattice volumes.
Section V contains a phenomenological description of the
observed spectra in terms of constituent qq¯ constructions
supplemented with hybrid mesons. Finally, in Section
VI, we conclude and present possible directions for future
calculations to address the physics of isoscalar mesons.
3II. LATTICE TECHNOLOGY
The basic object we will use to extract the spectrum of
isoscalar meson eigenstates of QCD is a Euclidean corre-
lation function,
Cij(t
′, t) =
〈
0
∣∣Oi(t′)O†j(t)∣∣0〉, (1)
where the interpolating fields, O†i , are gauge-invariant
combinations of the basic quark and gluon fields of QCD,
constructed to transform with I = 0 under rotations in
quark flavor space. The complete set of discrete eigen-
states, |n〉, with the quantum numbers of Oi,j appears in
the spectral decomposition,
Cij(t
′, t) =
∑
n
1
2En
〈
0
∣∣Oi(0)∣∣n〉〈n∣∣O†j(0)∣∣0〉 e−En(t′−t).
(2)
The simplest isoscalar meson operators are of quark-
bilinear structure, ψ¯Γψ, and with two light-quark flavors,
u, d (assumed here to be degenerate, so we have an exact
isospin symmetry), and one heavier flavor, s, a possible
flavor basis having I = 0 is given by
O` = 1√
2
(
u¯Γu+ d¯Γd
)
, Os = s¯Γs. (3)
After functional integration of the quark fields, correla-
tion functions can be expressed in terms of connected
components, C, diagonal in quark flavor, and discon-
nected components, D, which can mix flavor. The Wick
contractions corresponding to C,D are shown schemati-
cally in Figure 1.
FIG. 1: Quark propagation for correlation functions built
using the operator basis in Eqn 3. Each line represents a
quark propagator for either a light (black) or a strange (green)
quark.
The four possible correlation functions using the flavor
basis in Eqn 3, Cq
′q(t′, t) =
〈
0
∣∣Oq′(t′)Oq†(t)∣∣0〉, with
q = `, s can be expressed as a matrix,(
C`` C`s
Cs` Css
)
=
(−C`` + 2D`` √2D`s√
2Ds` −Css +Dss
)
. (4)
The off-diagonal elements of this matrix allow the eigen-
states of the theory to be admixtures of light and strange
quarks, with the degree of mixing being determined dy-
namically. Note that the connected contribution, −C``, is
precisely the contraction required to compute the isovec-
tor correlation function corresponding to any of the flavor
constructions, u¯Γd, d¯Γu, 1√
2
(
u¯Γu− d¯Γd), and thus, even
without strange quarks, the inclusion of the disconnected
contribution, D``, means the isoscalar spectrum need not
be the same as the isovector spectrum.
An alternative basis, corresponding to a simple orthog-
onal transformation of Eqn 3, is
O1 = 1√
3
(
u¯Γu+ d¯Γd+ s¯Γs
)
,
O8 = 1√
6
(
u¯Γu+ d¯Γd− 2s¯Γs). (5)
where the labels 1,8 allude to the fact that these combi-
nations are singlet and octet irreducible representations
of an SU(3) flavor symmetry. This basis has the property
that in the limit that the u, d and s quarks all have the
same mass, only the correlator C1,1 has a disconnected
contribution and C1,8 is zero.
We compute correlation functions using distillation [24]
– within this framework the quark fields on a timeslice
entering in the interpolating functions are smeared over
space by an operator, , whose purpose is to enhance the
low momentum quark and gluon modes that dominate
low mass hadrons. The operator, , acting in color and
position space, is constructed as
(t) =
N∑
k=1
ξk(t) ξk†(t), (6)
where ξk(t) are the lowest N eigenvectors of the gauge-
covariant laplacian evaluated on the background of the
spatial gauge-fields of timeslice t. Quark bilinear opera-
tors can be constructed in distillation as
ψ¯Γψ, (7)
and the outer-product definition of , Eqn 6, allows a
factorization of the correlation functions into products
of objects describing quark propagation and objects en-
coding the particular operator constructions used. The
propagation objects, known as perambulators,
τ ijαβ(t
′, t) = ξi†(t′)
[
M−1
]
αβ
(t′, t) ξj(t), (8)
are obtained by inverting the Dirac matrix, M , whose
Dirac spin indices are here exposed, on a finite number
of sources, ξj(t). The connected and disconnected con-
tributions to isoscalar correlation functions then take the
form
Cq′qAB(t′, t) = δqq′ Tr
[
ΦA(t
′) τ q(t′, t) ΦB(t) τ q(t, t′)
]
Dq′qAB(t′, t) = Tr
[
ΦA(t
′) τ q
′
(t′, t′)
]
Tr
[
ΦB(t) τ
q(t, t)
]
, (9)
where contracted indices have been suppressed and
where the choice of operator construction is encoded in
4atm`
atms
mpi
/MeV
mK
mpi
(Ls/as)
3 × (Lt/at) Ncfgs NC Nvecs
−0.0743
−0.0743 702 1
163 × 128 535 32 64
203 × 128 505 8 128
−0.0808
−0.0743 524 1.15 16
3 × 128 500 32 64
−0.0840
−0.0743 391 1.40
163 × 128 479 32 64
203 × 128 600 8 128
243 × 128 553 8 162
TABLE I: Lattice gauge field parameters. Also shown the
number of time sources averaged over, NC, in the computation
of connected correlators, C, and the number of distillation
vectors, Nvecs
a0 pi pi2 b0 ρ ρ2 a1 b1
Γ 1 γ5 γ0γ5 γ0 γi γ0γi γ5γi γ0γ5γi
TABLE II: Gamma matrix naming scheme.
(ΦA)
ij
αβ(t) = ξ
i†(t) ΓAαβ(t) ξ
j(t). There is considerable
flexibility allowed in the choice of Γ – in this work we
will use some number of gauge-covariant derivatives and
a projection over position-space into zero momentum. To
the extent that the construction, Γ, is well supported in
the finite basis of distillation vectors, {ξi=1...N}, distilla-
tion is a very efficient means to compute the correlation
functions above since the traces are over the set of N
distillation vectors which is much smaller than the full
lattice space.
We can obtain a determination of the connected contri-
bution, C(t, t0), for all values of t, using only perambula-
tors from a single time-source at t0. On the other hand,
in order to study the t-dependence of D(t, t0), Eqn 9
indicates that we require perambulators from sources at
every value of t. Operationally, since we compute all such
perambulators, we opt to maximize signal over noise by
averaging over many time sources:
Cqq(t) ≡ 1
NC
NC∑
{t0}
Cqq(t+ t0, t0)
Dq′q(t) ≡ 1
Nt
Nt∑
{t0}
Dq′q(t+ t0, t0).
The disconnected piece is averaged over all Nt = 128 time
sources, while the connected piece needs far less averag-
ing to achieve a comparable level of statistical fluctuation
– the number of equally spaced sources used, NC , is given
in Table I.
A powerful way to extract the spectrum of eigenstates
in Eqn 2 is to utilize a matrix of correlation functions,
constructed from a basis of operators {Oi=1...Nops} all
having the same conserved quantum numbers. The ma-
trix can be “diagonalized” using a variational approach
[34–36] to be described in the next section. Our choice
of operator basis is described in detail in [13, 14] – the
fermion bilinear operators are of structure,
ψ¯Γ←→D . . .←→D ψ, (10)
with up to three gauge-covariant derivatives. The Dirac
gamma matrix structures are listed in Table II. The
Cartesian vectorlike gamma matrices and derivatives←→
D =
←−
D −−→D are expressed in a circular basis so that
they transform as spin J = 1. Using standard SO(3)
Clebsch-Gordan coefficients, the Dirac gamma matrix
structures are coupled to the derivative structures to pro-
duce operators, OJ,M , where M is the z component of a
spin-J operator. The choice of Γ and the derivative struc-
ture determine the parity, P , and charge conjugation,
C, to give an operator with overall continuum quantum
numbers JPC at zero momentum. The notation used fol-
lows that of Ref. [14]: an operator
(
Γ×D[N ]JD
)J
contains
a gamma matrix, Γ, using the naming scheme defined
in Table II, and N derivatives coupled to spin JD, and
overall coupled to spin J .
Reflecting the reduced cubic symmetry of the lattice,
the continuum operators OJ,M are subduced into five ir-
reducible representations (irreps): A1, T1, T2, E and A2
[14, 37],
O[J]Λ,λ =
∑
M
SΛ,λJ,M OJ,M , (11)
to form operators that transform in the λth row of a
lattice irrep, Λ. The SΛ,λJ,M are subduction matrices that
are presented in Appendix A of Ref. [14]. We average the
final correlation functions over each row, λ, of the irrep,
Λ.
Finally, for each choice of Γ ≡ (Γ × D[N ]JD )J we con-
struct two operators according to the flavor basis defined
in Eqn 3.
In this work, we evaluate correlation functions on a set
of dynamical anisotropic lattices which have a finer spac-
ing in the temporal direction than the spatial directions.
Improved gauge and fermion actions are used, with two
mass-degenerate light dynamical quarks and one strange
dynamical quark, of masses m` and ms respectively. De-
tails of the formulation of the actions can be found in
Refs. [38, 39]. The lattices have a spatial lattice spacing
as ∼ 0.12 fm with a temporal lattice spacing approx-
imately 3.5 times smaller, corresponding to a temporal
scale a−1t ∼ 5.6 GeV. The particular lattices used are pre-
sented in Table I along with parameters relevant for the
correlator construction. In the remainder of the paper
we will quote determined hadron mass values via a ratio
to the Ω baryon mass as determined on the same lattice,
scaled by the physical Ω baryon mass: atmHatmΩ ·m
phys.
Ω .
Observables are computed on gauge-field configura-
tions separated by 20 trajectories after 1000 trajectories
have been used for thermalization. It is found that the in-
tegrated autocorrelation time is small for the observables
investigated in this paper. After binning the correlation
functions over 10 separate measurements, no discernible
change is found in the subsequent analysis of the spec-
trum.
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FIG. 2: Connected and disconnected contributions to A−+1
correlation functions in Eqn 4 for the operator Γ = γ5.
Stacked graphs under the main plot shows the timeslice cor-
relation with a reference timeslice t/at = 15.
A. Example correlation functions
The connected and disconnected components of a set of
illustrative correlation functions are shown in Figures 2-
6, computed on the 243×128 lattice with mpi = 391 MeV.
The plots show the time-dependence, weighted by emXt,
where mX is the mass of the lightest isovector meson
with the appropriate quantum numbers (as determined
through variational analysis of the connected light-quark
correlators). Also shown stacked underneath the main
plot are the timeslice correlations1 in the data relative to
a reference timeslice, t/at = 15. Data with no timeslice
correlations would have this variable being 1 at t/at = 15
and zero elsewhere.
Figure 2 shows correlator components for the simplest
A−+1 operator, Γ = γ5. We observe that the discon-
nected contributions are significant, particularly D`` and
the off-diagonal flavor term, D`s. Compare this with
Figure 4, which shows Γ = γi, where we observe the
disconnected contributions to be orders of magnitude
smaller than the connected. At large times we expect the
isoscalar A−+1 correlators to be dominated by the η and η
′
mesons which empirically are significantly heavier than
their isovector cousin, the pion, and strongly admixed
in the 1√
2
(∣∣uu¯〉+ ∣∣dd¯〉), ∣∣ss¯〉 basis. Conversely the large
time behavior of the isoscalar T−−1 correlators will be
1 We compute the correlation, Cˆ(t, t′), via the data covariance,
C(t, t′) =
1
Ncfgs(Ncfgs − 1)
Ncfgs∑
i=1
(
Ci(t)− C(t)
)(
Ci(t
′)− C(t′)),
as
Cˆ(t, t′) =
C(t, t′)√
C(t, t)
√
C(t′, t′)
.
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FIG. 3: As Figure 2, for the operator Γ =
(
b1 ×D[1]J=1
)J=0
A1
in
the irrep A−+1 .
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FIG. 4: As Figure 2, for the operator Γ = γi in the irrep
T−−1 .
governed by the ω and φ mesons which are believed to
be almost pure 1√
2
(∣∣uu¯〉 + ∣∣dd¯〉), ∣∣ss¯〉, respectively and
where the ω is very similar in mass to the ρ. The be-
havior shown in Figures 2, 4 is seen to be qualitatively
in agreement with these expectations. More quantitative
statements will follow from variational analysis of a ma-
trix of correlation functions and will be presented in the
next section.
In Figure 3 we show the set of correlation function
components for another A−+1 operator,
(
b1 ×D[1]J=1
)J=0
A1
.
We see that the connected component again relaxes to
a mass scale compatible with mpi at large times, as one
would expect, and that at large times the relative size
of the various connected and disconnected components
is similar to that observed in Figure 2, indicating that
the same low-lying mesons are dominating the correlation
functions. However, we can clearly see that the earlier
time behavior is quite different to that observed in Fig-
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FIG. 5: As Figure 2, for the operator Γ =
(
pi ×D[2]J=1
)J=1
T1
in
the irrep T−−1 .
ure 2, owing to the different relative weighting of excited
states in Eqn 2 for this operator compared with γ5. It is
this variation with differing operators that we will take
advantage of to determine excited state contributions in
variational analysis.
In Figure 2 the data is not seen to fluctuate timeslice-
to-timeslice to the degree one would expect on the basis
of the errorbars. This suggests that the data may be cor-
related in time, and indeed explicit evaluation of the cor-
relation shows this to be the case (see the stacked graphs
beneath the main plot). All fitting of time-dependences
in this paper will be done using correlated χ2 fits2 .
Note that the high degree of correlation is not a gen-
eral feature of pseudoscalar operators – the correlators
for Γ =
(
b1 ×D[1]J=1
)J=0
A1
plotted in Figure 3 show much
less correlation.
In previous publications [14, 26] we have explored the
role that hybrids play in the meson spectrum. We found
that non-exotic JPC hybrids embedded in the conven-
tional meson spectrum can be identified by their large
overlap onto operators featuring a chromomagnetic con-
struction (e.g. D
[2]
J=1). In order to explore this phe-
nomenology in the isoscalar sector we need good deter-
minations of correlators featuring such operators. In Fig-
ure 5 we show connected and disconnected contributions
for the T−−1 operator Γ =
(
pi × D[2]J=1
)J=1
. We observe
signals with rather high statistical quality, where, as one
would expect, the connected term does eventually relax
to the ground-state ρ. Note that the disconnected contri-
butions, though small, are non-zero at intermediate times
2 By correlated fits to C(t), we mean those which use the inverse
data covariance, C−1,
χ2
({ai}) = ∑
t,t′
[
C(t)− f(t; {ai})
]
C−1(t, t′)
[
C(t′)− f(t′; {ai})
]
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FIG. 6: As Figure 2, for the operator Γ =
(
ρ×D[2]J=1
)J=1
T1
in
the irrep T−+1 .
which may suggest that excited isoscalar 1−− states hav-
ing good overlap onto this operator might differ some-
what from the corresponding isovector states.
Finally we examine the form of exotic quantum num-
bered correlators, which we expect to contain exotic
hybrid mesons, with an example being T−+1 through
the operator Γ =
(
ρ × D[2]J=1
)J=1
. While the signals
are observed to be somewhat noisier than the previous
cases, there is clearly enough data (which we note is not
strongly timeslice correlated) to attempt a spectrum ex-
traction.
B. “Glueball” operators
It is possible to construct isoscalar operators within
QCD without explicitly including quark fields – suit-
able combinations of gauge-link fields can be built which
transform irreducibly, and we might assume that such
constructions would have strong overlap onto states in
the spectrum which have “glueball” structure. Unlike
in the quark-less SU(3) color Yang-Mills studies (e.g.
[11]), we cannot study the spectrum of glueballs in isola-
tion since there are generically qq¯ isoscalar constructions
which have the same quantum numbers and which can
mix with the glueballs to give the physical eigenstates.
As such the appropriate approach is to supplement the
fermion bilinear operators described earlier with a set of
glueball operators and explore cross-correlators.
Following a similar construction as for the fermion bi-
linears in Eqn 10, we choose to define glueball operators
using the distillation space vectors ξ(t) defined in Eq.6
on a time-slice t as
G(t) =
N∑
k=1
ξk†(t)
←→
D . . .
←→
D ξk(t) (12)
with up to three gauge-covariant derivatives, to give an
operator of definite JPC at zero momentum. As in the
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FIG. 7: A selection of E++ correlation functions with oper-
ators Γ =
(
ρ × D[1]J=1
)J=2
for both light (`) and strange (s)
quark flavors, and the glueball operator D
[2]
J=2 with the sym-
bol (g), evaluated on the mpi = 391 MeV, 24
3 × 128 lattice.
Plotted is emEt · C(t) where mE is the lowest mass state in
the isoscalar E++ sector.
fermion bilinears, the glueball operators are subduced
into irreducible representations of the cubic group. The
notable difference is that while the fermion bilinear op-
erators defined in Eqn 10 lead to matrices in distillation
space which multiply quark propagation perambulators,
the glueball operators in Eqn 12 are a trace in distilla-
tion space. Thus, the contribution of glueball operators
to correlation functions is only through product of traces,
such as
D`g(t′, t) = Tr[Φ(t′)τ `(t′, t′)] G(t),
Dgg(t′, t) = G(t′) G(t),
which is similar to the products of traces of quark bilinear
operators occurring in the disconnected parts of Fig. 1.
In Figure 7 we show a sample set of correlation func-
tions in the irrep E++ (which should be dominated by
2++ states) using the operators
(
ρ×D[1]J=1
)J=2
, which re-
sembles a qq¯ 3P2 construction in the non-relativistic limit,
for both light (`) and strange (s) quark flavors, and the
glueball operator D
[2]
J=2 (g). While there are clearly non-
zero signals connecting the qq¯ and glue sectors at early
times, these signals have degraded into noise by time-
slice 15. These glueball correlation functions can be in-
cluded in the variational analysis; however, the quality of
the signals is not sufficiently precise to have a discernible
impact upon the levels in the variationally determined
spectrum. Rather stronger signals are observed in the
A++1 irrep, which we do not report upon in this paper –
we require inclusion of multi-particle operator construc-
tions before accurate determination of the scalar spec-
trum is feasible. For the results presented in this paper,
we will not include the glueball operators in the operator
basis.
III. EXTRACTION OF THE SPECTRUM
Our approach to extracting the spectrum requires com-
putation of matrices of isoscalar correlation functions us-
ing the large basis of operators sketched in the previous
section. For a given irrep of the cubic lattice symmetry
we include operators subduced from J ≤ 4, with each op-
erator appearing twice, once with the ` flavor construc-
tion and once with s, as defined in Eqn 3.
The matrix of correlation functions is analyzed using
a variational approach [34–36] which involves solving the
generalized eigenvalue problem,
C(t)vn = λn(t)C(t0)v
n, (13)
for eigenvalues, or “principal correlators”, related to the
energy spectrum, λn(t) ∼ e−En(t−t0), and eigenvectors,
vn, from which we can determine the spectral overlaps,〈
n
∣∣O†i (0)∣∣0〉. For details of our implementation of this
method see Refs [14, 40].
We have previously analyzed isovector correlation
functions using the same basis of subduced fermion bi-
linear operators [13, 14], where we found that each state
in the observed spectrum had strong overlap only onto
operators subduced from a single J value. Furthermore,
near-degenerate states were observed distributed across
lattice irreps in precisely the manner expected for the
distribution of Jz components of a spin-J state. In this
study of the isoscalar spectrum we observe the same sep-
aration of states in spin, and we are able to assign a def-
inite J to each state using the methods described in [14].
Determination of the values of the spectral overlaps
for “hidden light”, Zn` =
〈
n
∣∣O`†(0)∣∣0〉, and “hidden
strange”, Zns =
〈
n
∣∣Os†(0)∣∣0〉, allows us to investigate
the flavor structure of the isoscalar meson spectrum. A
particularly simple case follows if we assume two nearby
states in the spectrum are orthogonal admixtures of two
basis states of flavor structure
∣∣`〉 ≡ 1√
2
(∣∣uu¯〉 + ∣∣dd¯〉)
and
∣∣s〉 ≡ ∣∣ss¯〉. Under this hypothesis we can write, for
the two eigenstates,
∣∣a〉, ∣∣b〉, where ma < mb,(∣∣a〉∣∣b〉
)
=
(
cosα − sinα
sinα cosα
)(∣∣`〉∣∣s〉
)
, (14)
and assuming that〈
`
∣∣O`†(0)∣∣0〉 = Z` 〈s∣∣O`†(0)∣∣0〉 = 0〈
`
∣∣Os†(0)∣∣0〉 = 0 〈s∣∣Os†(0)∣∣0〉 = Zs,
we can determine the mixing angle, α, from the combi-
nation
tanα =
√
−Z
b
` Z
a
s
Za` Z
b
s
. (15)
We can actually get one determination of α for each op-
erator construction, Γ, and we expect the determinations
to agree since the dependence on Z`, Zs, which will vary
operator-to-operator, has canceled in the particular ratio
formed.
8A. Variational analysis of T++1
As an example of the procedure outlined above, we
present here the result of variational analysis of the T++1
correlator matrix on the mpi = 391 MeV lattice of volume
243 × 128. In this case we used 18 operators subduced
from J = 1 (the same 9 operators in each of ` and s fla-
vor constructions), two J = 3 operators and two J = 4
operators, leading to a matrix of size 22 × 22. Figure 8
shows the resulting lowest eight principal correlators for
the case t0/at = 5 and the fits to the time-dependence
which yield estimates of the mass spectrum. Note that
the spectrum shows near-degenerate states which are be-
ing cleanly extracted – this is possible because of the
orthogonality inherent in the variational method.
Figure 9 shows the relative size of overlaps〈
n
∣∣O(`,s)†i ∣∣0〉 for these lowest eight states. Clearly we
can identify the lowest four states as being J = 1, the
next two as J = 3 and the next two as J = 4. It is also
clear that the J = 1 eigenstates are not diagonal in the
flavor space, with each being an admixture of
∣∣`〉 and ∣∣s〉,
while the J = 3 states do appear to be diagonal in this
flavor space.
Motivated by the relative similarity in mass of the
states
∣∣n = 0〉 and ∣∣n = 1〉 and the similarly between the
histograms in Figure 9 with `↔ s as (n = 0)↔ (n = 1),
we will proceed with the hypothesis that these two states
are simple admixtures of
∣∣`〉 and ∣∣s〉 basis states as de-
scribed earlier.
In our practical solution of Eqn 13, we solve inde-
pendently on each timeslice, meaning that we determine
vni (t) – these should be constants in t for t > t0 if we
are correctly describing the spectrum of states contribut-
ing to Cij(t). A simple linear transformation applied to
vni (t) yields the overlap factors Z
n
i (t) which should also
be constant. The histograms in Figure 9 correspond to
the results of constant fits to Zni (t). We can obtain the
angle α in Eqn 15 as a function of t using the Zni (t) and
it should also be constant, as it is seen to be in Figure 10
for the lowest two states
∣∣n = 0〉, ∣∣n = 1〉. As we can
see, the determined angle is consistent for all the J = 1
subduced operators used in the basis, and a constant fit
to all the data yields our best estimate of α = 27(2)◦.
B. Interpretation of the spectrum
The extracted isoscalar spectrum across irreps shows
the same sort of systematics in mass degeneracy and
spectral overlaps that we observed in the isovector spec-
trum extracted using the same fermion bilinear oper-
ator constructions [14]. In particular the distribution
of states across irreps is compatible with subduction of
“single-hadron” states of definite J . This separation of
states according to continuum spin suggests that mesons
which fit within the lattice volume are not resolving the
cubic symmetry of the fine lattice grid [41].
But this simple pattern of states is too simple, and
indicates that in these calculations we are not resolving
the complete spectrum of eigenstates of QCD in a finite
cubic volume.
Within a finite cubic volume, there should be a
discrete spectrum of multi-hadron states, which, if
hadrons did not interact, would lie at predictable ener-
gies. For example, there would be a spectrum of two-
hadron states, atEAB =
√
(atmA)2 + n2A
(
2pi
ξLs/as
)2
+√
(atmB)2 + n2B
(
2pi
ξLs/as
)2
, where n2A, n
2
B are integers,
related to the momenta of the hadrons, A, B, with al-
lowed values which depend upon the irrep under consid-
eration. This spectrum of states has a strong volume
dependence and a distribution across irreps that is quite
different to the subduction of a single hadron of spin J
[42].
In fact, the true eigenstates will be volume-dependent
admixtures of basis states with good overlap onto “sin-
gle hadron” operators and multi-hadron states. An ex-
plicit example can be seen in Ref. [43]. Figure 1 therein
presents the isovector T−−1 spectrum in finite-volume ex-
tracted from variational analysis using firstly just fermion
bilinear operators, and secondly using in addition a set of
operators which resemble a pair of pions with relative mo-
mentum. In the latter case there are clearly extra states
present which strongly resemble pairs of pions, but also
the lowest lying state that we identify with the ρ (when
computing with only single-hadron operators) becomes
two states which lie within an energy region correspond-
ing to the hadronic width of the ρ resonance. Analysis of
these levels using the Lu¨scher technique [44] allows us to
resolve the pipi scattering amplitude and identify a rapidly
rising phase-shift that we associate with the ρ resonance.
We argue that the presence of a single low-lying level
when only fermion-bilinears are used suggests the exis-
tence of a single low-lying narrow meson, as confirmed in
the more complete analysis.
Based upon the more careful analysis of the ρ described
above we suggest that the spectra presented herein for the
isoscalar meson spectrum are likely a reasonable guide to
the resonant state content of the infinite-volume theory
at these pion masses. There may be broad structures that
we are missing, and the “masses” extracted for unstable
states should not be considered precision estimates, but
can probably be assumed to lie somewhere within the
hadronic width of the meson. Ultimately extraction of
the full resonant content of the excited meson spectrum
will require more sophisticated calculations including rel-
evant multi-meson-like operator constructions.
In the results presented in the next section, we will
exclude any consideration of the 0++ sector which has
a notoriously complicated phenomenology – experimen-
tally it features a large number of low-lying resonances
on top of a significant broad structure due to the σ reso-
nance. We suspect that understanding this channel will
demand the kind of sophisticated calculation suggested
above in which meson-meson operators for a set of chan-
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FIG. 8: Lowest eight “principal correlators” of the T++1 correlation matrix at mpi = 391 MeV on the 24
3 × 128 lattice. Plotted
is λn(t) · emn(t−t0) with t0/at = 5, and the fits to the data using the form λn(t) = (1 − An) e−mn(t−t0) + Ane−m′n(t−t0) with
An  1 and m′n  mn. Light grey points are not used in the fit.
 1.0
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FIG. 9: Overlap matrix elements Zn(`,s)i =
〈
n
∣∣O(`,s)†i ∣∣0〉 for the lightest eight states of the T++1 correlation matrix at mpi =
391 MeV on the 243× 128 lattice. Each bar represents a distinct operator construction, Γ, with the color-coding indicating the
J from which the operator was subduced, and the flavor construction of the quark fields. The bars are normalized such that
for each operator the largest overlap onto any state in the extracted 22 state spectrum is 1.0.
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FIG. 10: α(t) from Eqn 15 for 9 different constructions, Γ
(different colors), for the lowest two states |n = 0〉, |n = 1〉 in
T++1 . Gray band shows a constant fit in time.
nels (pipi, KK, ηη . . . ) are included.
Before we embark upon a presentation of the large set
of results obtained, we remind the reader that in these
calculations isospin is an exact symmetry and electro-
magnetic effects are not present.
IV. RESULTS
Here we present the spectra obtained, using the meth-
ods described previously, on the lattices listed in Table
I.
A. mpi = 391 MeV, 24
3 × 128
We can illustrate the general trend of spectrum results
using this case, the lowest quark mass and largest vol-
ume considered. In Figure 11 we show the isoscalar and
isovector spectrum separated by JPC . The black/green
boxes indicate the degree of hidden light – hidden strange
mixing as determined by the mixing angle3, extracted as
described earlier. We observe that with a few excep-
tions, notably 0−+ and 1++, the spectrum shows very
little mixing of light and strange. A detailed spectrum
of exotic JPC mesons is extracted, as is a set of states
in the non-exotic spectrum that have large overlap onto
operators featuring a chromomagnetic construction – the
corresponding hybrid meson phenomenology will be dis-
cussed later.
3 for the lighter state in the mixed pair the size of the black part
of the bar is cos2 α and the green sin2 α and vice-versa for the
heavier state
B. mpi = 391 MeV, volume dependence
The dependence of the isoscalar spectrum on the lat-
tice volume is presented in Figure 12.
The gross structure of the spectrum is observed to be
robust with respect to changes in the volume and what
changes there are tend to be not much larger than the
statistical uncertainty. This relatively mild dependence
on the volume should come as a surprise given that the
true finite-volume spectrum will be made up of admix-
tures featuring strongly volume-dependent multi-meson
states. We remind the reader of the discussion in Section
III B, where we argue that the fermion bilinear operators
in use here do not have good overlap onto multi-meson
basis states. With this in mind, variation of an extracted
energy within the hadronic width of a state as the volume
is varied should not come as a surprise.
Perhaps the only unexpected variation with volume
is that of the η′, which should be exactly stable in our
calculations since the decay channel ηpipi is kinemati-
cally closed. We do not have an explanation for this
variation, although a possible candidate might be the
volume dependence of gauge-field configurations of non-
trivial topology since they would contribute to the U(1)A
anomaly that can split the η′ from the η.
C. SU(3)F point, mpi = 702 MeV, (16,20)
3 × 128
In this case we take all three quark flavors to be mass
degenerate, with the mass we have tuned to correspond
to the physical strange quark. Here, because there is
an exact SU(3) flavor symmetry, we characterize mesons
in terms of their SU(3)F representation, octet (8) or sin-
glet (1), and compute correlation matrices using the basis
in Eqn 5. The octet correlators feature only connected
diagrams while the singlets receive an additional contri-
bution from a disconnected diagram. Since the strange
quarks are now no heavier than the “light” quarks, any
splitting between states in the octet and singlet spectra
is purely due to the disconnected diagrams and thus to
“annihilation dynamics”. In Figure 13 we present the
spectra extracted on two lattice volumes.
D. Quark mass and volume dependence
Figures 14, 15 and 16 show the quark mass and vol-
ume dependence of the extracted isoscalar and isovector
spectra.
In general, the extracted spectrum is fairly consistent
across quark masses. There are some cases, such as the
second level in 3+−, that are not cleanly extracted at the
lowest pion mass.
We refrain from performing extrapolations of the
masses to the limit of the physical quark masses, since,
as we have already pointed out, we expect most excited
states to be unstable resonances. A suitable quantity for
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FIG. 11: Isoscalar (green/black) and isovector (blue) meson spectrum on the mpi = 391 MeV, 24
3 × 128 lattice. The vertical
height of each box indicates the statistical uncertainty on the mass determination. States outlined in orange are the lowest-lying
states having dominant overlap with operators featuring a chromomagnetic construction – their interpretation as the lightest
hybrid meson supermultiplet will be discussed later.
extrapolation might be the complex resonance pole posi-
tion, but we do not obtain this in our simple calculations
using only “single-hadron” operators.
We discuss the specific case of the 0−+ and 1−− sys-
tems in the next subsections.
E. The low-lying pseudoscalars: pi, η, η′
In lattice calculations of the type performed in this
paper, where isospin is exact and electromagnetism does
not feature, the pi and η mesons are exactly stable and η′
is rendered stable since its isospin conserving ηpipi decay
mode is kinematically closed. Because of this, many of
the caveats presented in Section III B do not apply. Fig-
ure 17 shows the quality of the principal correlators from
which we extract the meson masses, in the form of an
effective mass,
meff =
1
δt
log
λ(t)
λ(t+ δt)
, (16)
for the lightest quark mass and largest volume consid-
ered. The effective masses clearly plateau and can be
described at later times by a constant fit which gives a
mass in agreement with the two exponential fits to the
principal correlator that we typically use.
Figure 18 indicates the detailed quark mass and vol-
ume dependence of the η and η′ mesons. We have already
commented on the unexplained sensitivity of the η′ mass
to the spatial volume at mpi = 391 MeV, and we note that
since only a 163 volume was used at mpi = 524 MeV, the
mass shown there may be an underestimate.
Figure 19 shows the octet-singlet basis mixing angle,
θ = α − 54.74◦, which by definition must be zero at the
SU(3)F point
4 . While we have no particularly well mo-
tivated form to describe the quark mass dependence, it
is notable that the trend is for the data to approach a
phenomenologically reasonable value ∼ −10◦ [1, 45–47].
F. The low-lying vector mesons: ρ, ω, φ
Figure 20 shows the effective masses of ω, φ and ρ prin-
cipal correlators on the mpi = 391 MeV, 24
3×128 lattice.
The splitting between the ρ and ω is small but statisti-
cally significant, reflecting the small disconnected contri-
bution at large times in this channel. At the pion masses
presented in this paper, the ω and φ mesons are kine-
matically stable against decay into their lowest thresh-
old channels, pipipi and KK. In Figure 21 we show the
quark mass and volume dependence of the low lying vec-
tor mesons along with the relevant threshold energies.
4 Here we are using a convention where |η〉 = cos θ|8〉 − sin θ|1〉,
|η′〉 = sin θ|8〉+ cos θ|1〉 with 8,1 having the sign conventions in
Eqn 5.
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FIG. 14: Meson spectrum, in MeV, as a function of m2pi in GeV
2. Isoscalar states dominantly of light quark construction shown
in black, and dominantly of strange quark construction in green. States with a large degree of light/strange mixing shown in
dark red. Isovector states shown in light blue. Many points are displaced horizontally from the correct value of m2pi (shown
by the vertical dashed lines) for clarity. With exact SU(3)F at the largest quark mass, flavor octet states shown in blue and
flavor singlet states in pink. At each pion mass, the thickest lined points shows the largest volume available, with thinner
lines representing smaller volumes – note that in the mpi = 524 MeV case there are two volumes (16
3, 203) for the isovector
spectrum, but only one (163) for the isoscalar. States surrounded by an orange glow are those found to have large overlap onto
chromomagnetic operators and which are suspected to lie in the lightest hybrid meson supermultiplet.
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FIG. 15: See caption of Figure 14
The ρ is unstable at our lightest pion mass and in the
figure we show the ρ “mass” extracted from analysis fea-
turing only fermion bilinear operators (as performed in
this paper). We also show the ρ as a resonance (in blue),
determined in [43] using a larger basis featuring also pipi-
like constructions and a Lu¨scher analysis. We observe
that the more naive calculation gives, on any given vol-
ume, a single level within the hadronic width of the res-
onance, as we have proposed earlier.
Figure 22 shows the mixing angle in the fla-
vor basis, α, for the ω/φ system. This an-
gle must be 54.74◦ at the SU(3)F point while it
is clearly very small for m` < ms – it is possible for the
angle to fall very rapidly if the disconnected contribu-
tions remain small, while the connected contributions
−C``, −Css start to differ significantly. The trend to-
ward a very small mixing angle at the physical quark
mass is in approximate agreement with the value 3.2(1)◦
extracted from a model fit describing experimental vector
to pseudoscalar radiative transitions [46].
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FIG. 16: See caption of Figure 14
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FIG. 17: Effective masses (Eqn 16 with δt = 3at) of prin-
cipal correlators for the lowest level in the isovector sector
(pi, t0/at = 6) and the lowest two levels in isoscalar sector
(η, η′, t0/at = 4), on the mpi = 391 MeV lattice of volume
243×128. Triangles at right show the mass determined with a
two exponential fit to the principal correlator. The rectangles
show a constant fit to the effective mass over the time-range
indicated, in good agreement with the two exponential fits.
Stacked graphs below the main graph display the timeslice
correlation with respect to a reference time of 9at.
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FIG. 18: Quark mass and volume dependence of low-lying
pseudoscalar mesons. Plotted against m2pi in units of GeV
2.
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FIG. 19: Octet-singlet mixing angle, θ = α− 54.74◦, for η, η′.
Plotted against m2pi in units of GeV
2.
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FIG. 20: Effective masses (Eqn 16 with δt = 3at) of principal
correlators for the T−−1 irrep. The lowest level in the isovec-
tor sector (ρ, t0/at = 9) and the lowest two levels in isoscalar
sector (ω, φ, t0/at = 6), on the mpi = 391 MeV lattice of vol-
ume 243 × 128. Triangles at right show the mass determined
with a two exponential fit to the principal correlator. The
rectangles show a constant fit to the effective mass over the
time-range indicated, in good agreement with the two expo-
nential fits. Stacked graphs below the main graph display the
timeslice correlation with respect to a reference time of 12at.
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FIG. 21: Quark mass and volume dependence of the low-
lying vector mesons. ρ masses (circles) shifted to the right for
clarity (the vertical dashed lines show the actual pion mass).
The blue circle (shifter further to the right) shows the ρ as a
resonance as determined in [43] - inner errorbars indicate the
very small statistical uncertainty on the mass, outer bars show
the hadronic width. Dashed lines show the decay threshold
into two pions (relevant for the ρ) and three pions (relevant
for the ω). Triangles show the KK threshold relevant for
decay of the φ. Plotted against m2pi in units of GeV
2
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FIG. 22: Flavor basis mixing angle α for ω, φ. Plotted against
m2pi in units of GeV
2.
V. PHENOMENOLOGY
A phenomenology of the isovector spectrum extracted
on these lattices was presented in [14, 26]. Through ob-
servation of patterns of near degeneracy in the spectrum,
and consideration of the relative values of extracted spec-
tral overlaps
〈
n
∣∣O†∣∣0〉 for a set of operators O with fairly
simple model interpretations, a description was provided
that has the bulk of the spectrum being qq¯ construc-
tions featuring orbital angular momentum, as it is in
constituent quark models. In addition a set of states was
identified which did not fit into this picture; these were
interpreted as being hybrid mesons, in which a qq¯ pair in
a color octet is coupled to a chromomagnetic gluonic ex-
citation. The lightest such set was found with quantum
numbers (0, 1, 2)−+, 1−− where only the 1−+ member is
manifestly exotic.
We find that the isoscalar spectra presented here also
generally fit well into this phenomenology – since there
are no dramatic changes in the gross structure of the
spectrum as we vary the quark mass (apart from the re-
quired merging of two states into the octet at the SU(3)F
point), we can use Figure 11 to illustrate our typical
isoscalar spectrum.
We observe that there is very little light-strange
mixing in most of the spectrum, and generally the
1√
2
(|uu¯〉+ |dd¯〉) dominated state is very close in mass
to the corresponding isovector state, suggesting that the
role of qq¯ annihilation is relatively small. The |ss¯〉 domi-
nated states are generally a little heavier as we’d expect
from the heavier strange quark mass. There appears to
be a general trend that the splitting between the domi-
nantly light and dominantly strange states reduces as we
go higher in the spectrum, which might be interpreted as
excitation energies for light quarks being slightly larger
than for strange quarks.
These observations regarding the hidden light/strange
make-up are in qualitative agreement with the stan-
dard phenomenology of some experimentally ob-
served states, in particular the lightest 2++ mesons:
a2(1320), f2(1270), f
′
2(1525). Relative rates of decay of
f2, f
′
2 into pipi and KK¯ final states, as well as the γγ
widths [1], are compatible within models with only a very
small amount of hidden light-strange mixing.
There are clear exceptions to the general observa-
tion that light-strange mixing is small, The case of
the lowest 0−+ states, corresponding to the η and η′,
was already discussed in Section IV E. They appear to
have mixing much closer to the octet, singlet repre-
sentations of SU(3)F respectively, in agreement with
the conventional phenomenology of these states. The
first excited state pair in the 0−+ channel, although
not determined with high statistical precision, appears
to have a much smaller mixing angle. The experimen-
tal situation regarding excited isoscalar pseudoscalars,
η(1295), η(1405), η(1475) . . ., is not sufficiently clear for
us to make any firm comparisons.
The other notable exception to the observation of ideal
mass mixing is 1++, where both the lowest pair and
the first set of excitations show significant mixing. The
mixing angle for the lowest two states is shown in Fig-
ure 23, where we observe a significant departure from
α ≈ 0. At the SU(3)F point there remains a large discon-
nected contribution splitting the singlet state from the
octet. We can compare this pair with the experimental
f1(1285), f1(1420); these states are relatively narrow as
they are forbidden to decay into a pair of pseudoscalars,
the channel of largest phase-space, instead decaying into
final states of higher multiplicity. The radiative decays of
f1(1285) to γρ and γφ suggest a mixing angle α = 21(5)
◦
(following the formalism presented in [2], using current
PDG averages [1]), which is comparable to our extracted
angles.
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FIG. 23: Flavor basis mixing angle α for lightest two 1++
states. Plotted against m2pi in units of GeV
2.
A clear set of isoscalar exotic JPC mesons is extracted.
As seen in Figure 11, there is a pair of isoscalars a little
heavier than each of the isovector states with 1−+, 0+−
and the two 2+− states. In [26] the distribution of JPC
exotics observed in the isovector spectrum was proposed
to be due to a chromomagnetic gluonic excitation cou-
pling to a color-octet qq¯ pair in an S-wave (1−+) or in
a P -wave (0+−, 2+−, 2+−). The isoscalar spectrum has
the same systematics. There is seen to be some degree
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of hidden light-strange mixing for the 1−+ and possibly
the 0+−, but little or nothing for the 2+− states. A large
splitting between singlet and octet remains for the 1−+
at the SU(3)F point, suggesting that quark annihilation
is important for these states. To date there are no exper-
imental candidates for isoscalar exotic JPC mesons.
States with large overlap onto operators featuring a
chromomagnetic construction are, as they were in the
isovector spectrum, identified in the non-exotic spectrum
at an energy scale comparable to the lightest 1−+ states.
We argue that they make up the lightest hybrid super-
multiplet with (0, 1, 2)−+, 1−−, corresponding to a chro-
momagnetic excitation coupled to color octet qq¯ in an
S-wave. There are hints for some light-strange mixing
in these states, and at the SU(3)F point these states
are all compatible with having some octet-singlet split-
ting. Thus, it appears that annihilation contributions are
a generic feature for the lightest hybrid supermultiplet,
even in channels like 1−− where the other mesons, asso-
ciated with qq¯ structure, apparently feel very little from
annihilation. Our model description of hybrid mesons
is that they have structure
[
qq¯
]
8c
⊗ G8c , and since the
quarks are in a color-octet, rather than the conventional
color-singlet, their annihilation systematics need not be
the same as in regular mesons. We were not able to
resolve the non-exotic partners of the 0+−, 2+−, 2+− ex-
otics constructed from a chromomagnetic excitation cou-
pled to color octet qq¯ in an P -wave – these states lie in
an energy region where the positive parity spectrum is
becoming dense and hard to disentangle, but interested
readers should see Ref [48] where such states were suc-
cessfully extracted in a comparable calculation of char-
monium.
We remind the reader that we were unable to propa-
gate correlators featuring glueball operators through our
variational solution and thus are not able to discuss the
role, if any, that glueball basis states play in the spec-
trum. In passing we note that the 2++, 0−+ glueballs de-
termined in Yang-Mills calculations [11] would be located
at the very top of our extracted spectrum. The lightest
glueball is expected to have scalar quantum numbers, but
we have not presented results for the scalar sector as it
is clear that two-hadron operator constructions will be
essential for accurately determining the spectrum in this
channel.
VI. OUTLOOK
We have taken advantage of favorable properties of the
distillation framework to compute the disconnected dia-
grams required for isoscalar mesons with high statistical
precision. Furthermore, the factorization between op-
erator construction and quark propagation inherent in
distillation allowed us to utilize a large basis of fermion
bilinear operators of various spatial structures, includ-
ing a selection featuring a chromomagnetic gluonic con-
struction, from which matrices of correlation functions
could be evaluated. Variational analysis of these lead
to detailed excited state spectra that were interpreted
phenomenologically. While the extracted spectra, which
showed very little volume dependence, cannot be com-
plete, as they clearly lack the dense and strongly volume-
dependent spectrum of expected multi-hadron states, we
have argued that they are a good guide to distribution
of resonant meson excitations.
Ultimately comparison to experimental observations
requires more than a semi-quantitative description of
the position of various meson excitations – calculations
must observe resonances, and to do this we must re-
solve the complete spectrum of eigenstates in a finite
volume. We observed in [43] that to practically achieve
this it is mandatory to include operators which resem-
ble multiple-mesons with relative momentum. With the
complete discrete spectrum in a given energy region de-
termined, Lu¨scher methods [35, 44, 49–52] and inelastic
extensions [53–56] can be applied to determine scattering
amplitudes that may have a resonant interpretation.
For excited hadron spectroscopy, calculations at the
physical pion mass are not yet warranted – with a
140 MeV pion, a large number of kinematic thresholds
would be open for even the lowest resonances, and this
would demand involved coupled-channel analyses featur-
ing channels of high multiplicity (pipipi, pipipipi . . .). These
coupled-channel analyses are still in their infancy even for
simpler cases involving only two-body scattering chan-
nels. A sensible approach, given this, is to develop the
techniques for extracting hadron scattering amplitudes
for the case of heavier pions where there will be a re-
stricted number of open channels, and then, once such
techniques are mature, to push down the quark masses
to their physical values.
Using what we know empirically, we have cause to be
optimistic that the problem may not be as complicated
as it could be. It is likely that we will find in QCD cal-
culations, as was found experimentally, that true high-
multiplicity final states are not significantly directly pop-
ulated in hadron resonance decays, with most decays go-
ing through intermediate two-body states featuring iso-
bar resonances.
In addition to studying the excited state resonant
spectrum through evaluation of scattering amplitudes in
finite-volume, there are a number of more straightfor-
ward extensions of the technology presented in this paper
to phenomenologically interesting quantities. Computa-
tion of two-point correlation functions using unsmeared
fermion bilinear operators at the source and distillation
smeared operators at the time-varying sink would allow
access to decay constants and distribution amplitudes of
isoscalar and isovector mesons. Extension to three-point
correlation functions with a local vector current insertion
between distillation smeared source and sink operators
would yield electromagnetic form-factors and radiative
transition matrix elements [57].
The results presented in this paper represent important
progress toward a description of isoscalar mesons within
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QCD. Furthermore, they suggest that the calculations
proposed above can realistically be attempted and hence
give the prospect of a greater theoretical understanding
of the isoscalar meson sector.
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